THE UNIVERSE AND ITS OBSERVERS

BRK-006 - Infinity becomes an
object of exact comparison

BRK - Conceptual Breaks

Juan Segurola - All Rights Reserved

An endless collection can be larger than another endless collec-
tion, but “larger” needs a definition. Comparing lengths, densities
or the places occupied by written symbols will not answer the
same question as comparing how many elements the

collections contain.

The conceptual transformation associated with Cantor’s work
made one-to-one correspondence a basis for exact comparison.
Some infinite sets can be paired element by element; other
proposed pairings can be proved impossible. Infinity thus became
an object of mathematical differentiation rather than a single
undivided way of saying that a process never stops.

1. Pairing changes the question

Pair each positive integer n with the even integer 2n. Every
positive integer receives exactly one partner and every positive
even integer is reached. In the sense of cardinality, the two sets
have equal size, even though the even integers form a proper
subset of the positive integers.

There is no contradiction with the corresponding rule for finite
sets. A proper subset of a finite set cannot have the same number
of elements as the whole. The infinite example shows that this
finite property does not extend without qualification to infinite
sets. We must not smuggle it into a definition meant to
investigate them.
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The integers can also be arranged in a sequence, for example 0, 1,
-1, 2, -2 and so on. The positive rational numbers can be listed by
traversing pairs of positive integers in increasing order of their
sum and omitting duplicate fractions. Every particular numerator-
denominator pair appears after finitely many steps.

This last qualification is essential. Writing down an evocative
pattern is insufficient if some elements are postponed forever. A
valid enumeration must give each element a finite position. The
construction supplies a reason that it does.

2. Density is not cardinality

Between any two distinct real numbers there are rational numbers.
That density can make the rationals seem to fill the line in the
relevant sense. Yet density concerns where elements occur relative
to intervals; countability concerns whether they admit a complete
list indexed by positive integers.

Cantor’s 1874 paper established the countability of the real
algebraic numbers and a contrasting result about real numbers
more generally. Algebraic numbers satisfy nonzero polynomial
equations with integer coefficients. There are only countably many
such finite equations, and each has finitely many roots. Listing the
equations systematically therefore makes a countability argument
possible. [1]

The source’s construction orders equations through a finite
measure of their complexity. The explanation here gives the
modern organizing idea, not a transcription of every step of the
original proof. The point is that a set can contain all these roots, be
dense in the line, and still be listable.

Measure introduces another question again. The length of an
interval is not its cardinality. An interval twice as long can have
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the same cardinality as the original interval through a simple
rescaling. Keeping these concepts separate prevents the phrase
“different infinities” from being asked to explain unrelated notions
of size.

3. A proof defeats every proposed list

To see the contrast, suppose someone proposes a complete list of
the real numbers between zero and one, writing each as a decimal.
Construct a new decimal whose nth digit is 1 when the nth digit
of the nth listed number is not 1, and 2 when that digit is 1.

The new number differs from the first entry in its first digit, from
the second in its second digit, and from every nth entry in its nth
digit. It cannot be any entry on the list. Using only 1 and 2 also
avoids the ambiguity in which a terminating decimal equals
another decimal ending in repeated nines.

This is a modern decimal version of the diagonal strategy associ-
ated with Cantor’s 1891 work. It is not the proof in the 1874 paper,
which used a different construction involving nested intervals.
Conflating the two makes an elegant modern exposition into an
inaccurate historical attribution. [1,2]

The argument does not merely show that a particular badly
arranged list fails. It starts with an arbitrary proposed list and
gives a rule that produces an omitted element. Its force comes
from that generality. A better ordering cannot evade the

same construction.

4. What changes when impossibility is demonstrated

Before a proof, inability to find a list might reflect limited
ingenuity. After the argument, no enumeration of the specified
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kind can succeed. The comparison between integers and real
numbers therefore acquires a sharply defined obstruction.

This is not a claim that some physical collection contains an exper-
imentally counted infinity of objects. The mathematical framework
concerns sets and correspondences under its assumptions.
Whether a mathematical infinity is useful in a physical model is a
separate question from whether infinitely many physical things
have been observed.

Nor does a finite diagonal table prove uncountability. A computer
can show any chosen finite beginning of the rule, but a finite list
always leaves many possibilities. The mathematical proof explains
why the construction works for every index in an assumed infinite
list. Its warrant is deductive, not an extrapolation from many
successful trials.

The gain is a new standard of exactness. Rather than rely on
images of something unending, mathematicians can specify the
mappings that exist and prove the nonexistence of others. A
familiar intuition about part and whole becomes one property to
examine, not an unquestionable judge of all possibilities.

5. The historical dispute was not just resistance to
novelty

Cantor’s work developed in a wider setting involving analysis,
definitions of real numbers and correspondence with Dedekind.
Its reception included objections to infinitary methods and to the
status of completed infinite collections. Historical scholarship
records criticism from mathematicians with different constructive
or foundational commitments, not a single uniform opposition. [2]

The distinction between a process that can always continue and a
completed infinite set matters here. Accepting the former does not
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automatically commit someone to every operation on the latter.
Arguments about foundations concern what objects and reasoning
principles are legitimate, not only whether one likes a

surprising conclusion.

Later paradoxes required clarification of which collections could
be treated as sets. They did not simply turn every earlier corre-
spondence into an error. The history involves preservation of
results alongside restrictions and reconstruction of foundations,
rather than a sequence of total victories and total collapses. [2]

6. A new object of inquiry

The break was the possibility of comparing infinities with proofs
of equivalence and inequivalence. That achievement left difficult
questions about foundations, allowed constructions and relations
among different notions of size. It did not collapse those questions
into one answer.

A proper subset can have the cardinality of its infinite parent; a
dense countable set can fail to exhaust a continuum; two intervals
can differ in length while admitting a bijection. Each statement is
intelligible once the relation being measured is specified. The
advance was not merely to tolerate paradoxical language, but to
replace it with distinguishable mathematical claims.

Related reading

BRK Article 005, “Geometry no longer has one inevitable form,”
likewise follows the replacement of an inherited intuition by
explicit assumptions and constructions.
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